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What makes graph computations difficult?




GRAPH PROCESSING CHALLENGES

CEHEORESSMN t he Jofcuos@ect ednessi

- contemporary computer architectures are good at
computer

: processing linear and hierarchical data structures,
architectures .
such as Lists, Stacks or Trees

a massive amount of random data access iIs required,
CPU has frequent cache misses, and implementing
parallelism is difficult

caching and

parallelization

-— | B. Shao, Y. LI, H. Wang, H. Xia (Microsoft Research),
~__ | Trinity Graph Engine and its Applications,
IEEE Data Engineering Bulleting 2017



http://sites.computer.org/debull/A17sept/p18.pdf
http://sites.computer.org/debull/A17sept/p18.pdf

GRAPH PROCESSING CHALLENGES

What does it mean that graph algorithms have
3 a hcongriunication to computation r ati ot ? [ UC

Most of the time Is spent on chasing pointers.

Speedup with a CPU that has better arithmetic performance:
A machine learning © alot

A relational query © some

A graph processing © very little

Standard latency hiding technigues break down:
A pre -fetching and branch prediction provide little  benefit



DISTRIBUTEDGRAPHPROCESSING

A Many recent works focused on computation models  for
distributed execution allowing systems to scale out.

o BSP (BulkSynchronous Parallel) model by Leslie Valiant

o MapReduce and Pregel models by Google

0 Vertex-centri ¢, Scatter-Gather, Gather -Apply-Scatter model s
0 Apache projects: Giraph, Spark GraphX, Flink Gelly, Hama

A Lots of research, summarized in survey/experiments papers

for Distributed Graph Processing, TKDE 2018

survey and an experimental evaluation, Cluster 2015

| V.Kalavri et al.: High-Level Programming Abstractions

| O. Batarfi et al.: Large scale graph processing systems: |55

% waterLoo DBSE:

K. Ammar, M.T. Ozsu: Experimental Analysis of
Distributed Graph Systems,VLDB 2018

M.T. Ozsu: Graph Processing: APanaromic
View and Some OpenProblems, VLDB 2019


https://arxiv.org/pdf/1607.02646.pdf
https://arxiv.org/pdf/1607.02646.pdf
http://www.vldb.org/pvldb/vol11/p1151-ammar.pdf
http://www.vldb.org/pvldb/vol11/p1151-ammar.pdf
https://vldb2019.github.io/files/VLDB19-keynote-1-slides.pdf
https://vldb2019.github.io/files/VLDB19-keynote-1-slides.pdf
https://www.researchgate.net/profile/Sherif_Sakr/publication/282546428_Large_scale_graph_processing_systems_survey_and_an_experimental_evaluation/links/561be4aa08ae044edbb38929/Large-scale-graph-processing-systems-survey-and-an-experimental-evaluation.pdf
https://www.researchgate.net/profile/Sherif_Sakr/publication/282546428_Large_scale_graph_processing_systems_survey_and_an_experimental_evaluation/links/561be4aa08ae044edbb38929/Large-scale-graph-processing-systems-survey-and-an-experimental-evaluation.pdf

SCALING OUT VS. SCALING UP

A Distributed approaches are scalable but comparatively slow
0 large communication overhead
0 load balancing issues due to irregular distributions

A Many systems struggle to outperform a single  -threaded setup
0 COST =Configuration that Outperforms a Single Thread

A Alternatives :
o Partition -centric programming mode | (Blogel, etc.)
0 Linear algebra -based programming model

~ | F.McSherry et al.: === | N. Satish et al.:
| Scalability! But at what COST? | Navigating the Maze of Graph Analytics Frameworks
HotOS 2015 =1 using Massive Graph DatasetsSIGMOD 2014



https://www.usenix.org/system/files/conference/hotos15/hotos15-paper-mcsherry.pdf
https://www.usenix.org/system/files/conference/hotos15/hotos15-paper-mcsherry.pdf
https://mobisocial.stanford.edu/papers/sigmod14n.pdf
https://mobisocial.stanford.edu/papers/sigmod14n.pdf

LINEAR ALGEBRABASEDGRAPH PROCESSING

A Graphs are encoded as sparse adjacency matrices

A Use vector/matrix operations  to express graph algorithms.
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[EXTBOOKS ONSEMIRING-BASED GRAPH PROCESSIN

miml A 1974: Aho-Hopcroft -Uliman book

Algorithms
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ALGORITHMS

siam.

o The Design and Analysis of ComputeAlgorithms

A Sec. 5.6: Path-finding problems
A Sec. 5.9: Path problems and matrix multiplication

A 1990: Cormen -Leiserson -Rivest book

o Introduction to Algorithms
A Sec. 26.4: A general framework for solving path problems in directed graphs

A 2011: GALLA book (edited by Kepner and Gilbert)

o Graph Algorithms in the Language of Linear Algebra

P\ |0t of literature but few practical implementations.


https://books.google.hu/books/about/The_design_and_analysis_of_computer_algo.html?id=SJJQAAAAMAAJ&redir_esc=y
https://books.google.hu/books/about/The_design_and_analysis_of_computer_algo.html?id=SJJQAAAAMAAJ&redir_esc=y
https://en.wikipedia.org/wiki/Introduction_to_Algorithms
https://en.wikipedia.org/wiki/Introduction_to_Algorithms
https://dspace.mit.edu/handle/1721.1/115964
https://dspace.mit.edu/handle/1721.1/115964

The GraphBLAS standard




THE GRAPHBLASSTANDARD

Goal: separate the concerns of the hardware/library/application designers.
A 1979: BLAS Basic Linear Algebra Subprograms
A 2001: Sparse BLAS an extension to BLAS (little uptake)

A 2013: GraphBLAS an effort to define standard building  blocks
for graph algorithms in the language of linear algebra

Numerical applications Graph analytical apps
LINPACK/LAPACK LAGraph
Separation of concerns
BLAS GraphBLAS
Hardware architecture Hardware architecture

e S- McMillan @ SEI ResearchReview (Carnegie Mellon University, 2015 ):
B Graph algorithms on future architectures



https://www.youtube.com/watch?v=-sIdS4cz7-4
https://www.youtube.com/watch?v=-sIdS4cz7-4

GRAPHBLASTIMELINE

Book — Papers — GraphBLAS standards — SuiteSparse:GraphBLAS releases

2011 2012 2013 2014 2015 2016 2017 2018 2019

| | | | | @Ogl | | i |
| | i 1.0 2.2 3.0
. "
Graph Algorithms  Standards for graph  Seven good Mathematical CAPI, LAGraph,
in the Language algorithm primitives, reasons, foundations, ¥ GABB@ GrAPL@

of Linear Algebra HPEC ICCS HPEC IPDPS IPDPS


https://dspace.mit.edu/handle/1721.1/115964
https://dspace.mit.edu/handle/1721.1/115964
https://arxiv.org/ftp/arxiv/papers/1504/1504.01039.pdf
https://arxiv.org/ftp/arxiv/papers/1504/1504.01039.pdf
https://arxiv.org/pdf/1606.05790.pdf
https://arxiv.org/pdf/1606.05790.pdf
https://people.eecs.berkeley.edu/~aydin/LAGraph19.pdf
https://people.eecs.berkeley.edu/~aydin/LAGraph19.pdf
https://arxiv.org/ftp/arxiv/papers/1408/1408.0393.pdf
https://arxiv.org/ftp/arxiv/papers/1408/1408.0393.pdf

GRAPHALGORITHMSIN LINEAR ALGEBRA

Notation: & |w|/hd $O0s The complexity cells contain asymptotic bounds.
Takeaway:. The majority of common graph algorithms can be expressed efficiently in LA.

iy Thaory ot Power Law Graphs

. canonical LA-based
problem algorithm . :
complexity g complexity g
breadth -first search a a
_ Dijkstra a ¢1 1¢C £
single-source shortest paths .
Bellman -Ford a e a e
all-pairs shortest paths Floyd-Warshall € €
. _ Prim a &1 1¢C &
minimum spanning tree - — —
Boruvka al 1eC al 1eC
maximum flow Edmonds -Karp a € a €
S greedy a &1 1¢C a& ¢
maximal independent set . —— ———
Luby a €l IeC al 1eC

Based on the table in J. Kepner:
Analytic Theory of Power Law Graphs,

| SIAM Workshop for HPC on Large Graphs, 2008

See also L. Dhulipala , G.E.Blelloch, J. Shun
Theoretically Efficient Parallel GraphAlgorithms
Can Be Fast andScalable,SPAA 2018


http://www.graphanalysis.org/SIAM-PP08/Kepner.pdf
http://www.graphanalysis.org/SIAM-PP08/Kepner.pdf
https://people.csail.mit.edu/jshun/spaa2018.pdf
https://people.csail.mit.edu/jshun/spaa2018.pdf

Theoretical foundations of GraphBLAS




MATRIX MULTIPLICATION

Definition: A
A AA —— 5
AEQ  + ACHQ AT -
A
[T \
Example: 2|3 22
Aclo)  Alcip) tA(piw)
Alght) t A o)

ctu ott c¢c A ATA



ADJACENCY MATRIX
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ADJACENCY MATRIX

o EA&LR VO
nm EALAR 0

O T
=

A

source

target
Ai ¢ £ ¥
i 1
¢ 1
£
g |1 1
¥
| 1
E 1 1




ADJACENCY MATRIX
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ADJACENCY MATRIX TRANSPOSED
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ADJACENCY MATRIX TRANSPOSED
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GRAPH TRAVERSAL WITH MATRIX MULTIPLICATION

/\4¢ A means ‘Ohops in the graph
A
i 1 1
= 2 o ¢ 1] |1
£ 1
o |1] |1
% ¥ 1
w | 1
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i ¢ £ o ¥ | 2
| 111 111 |
i ¢ ® ° | 8§
one-hop: 'l ‘A



GRAPH TRAVERSAL WITH MATRIX MULTIPLICATION

A means ‘Ohops in the graph
A
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MATRIX MULTIPLICATION ON SEMIRINGS

A Using the conventional semiring
A AA
NAQ 1 ACQQ T AT
A Generalized formula *
A A6 .0 A i
NAQ 3§ ACQAQa A
A A cornerstone of GraphBLASN: Use arbitrary semirings that
override the a addition and & multiplication operators.

* Remark: Some definitions in the presentation are simplified.
The full definitions are given at the end of the slideshow.



GRAPHBLASSEMIRINGS
The (O$ 1 hr) algebraic structure is a GraphBLAS semiring if

A (OF8 hm) is a commutative monoid using the addition

N PN g I
(V4

operation § dO OO0 O, where | ctudwnN O
o Commutative ®8 @ 0§ &

0 Associative (D8 VS 0 O (WS

o0 Identity WS T

A The multiplication operator is a closed binary operator
sdo 0O° 0

The mathematical definition of a semiring requires that S is a monoid
and distributes over s . GraphBLAS omits these requirements.



SEMIRINGS

semiring 0 ’ graph semantics
lor-land N {&v} z Z & connectivity
integer arithmetic N = t T number of paths
real arithmetic WN A t 1 strength of all paths
min -plus oNa  { B | EI H> shortest path
max-plus oNa { B 1 A H> graph matching

The default semiring is the conventional one:
A Operator § defaults to floating point multiplication.
A Operator § defaults to floating point addition



MATRIX-VECTOR MULTIPLICATION SEMANTICS

semiring
integer arithmetic @M & t A- ¢ ®o ¥ ! §
Semantics: number of paths it 1 : 1 1
£ 1
_I/\4¢ L
¥ | 1
+
= _ § 111
i ¢ £]| ¥+ § _| |
/ ! l : T : :l E_ : Ol
18 & A



MATRIX-VECTOR MULTIPLICATION SEMANTICS

semiring
lor-land @~ {&4} T T & A- ¢ ®o ¥ ! 8§
N N i T T
Semantics: reachabillity ¢ T
£ T
_I/\4¢ L
¥ . T
+
- _ § TIT|T
i ¢ £]| ¥+ § —
/ ] T[T ][] T -
¢ 78 A
® +



MATRIX-VECTOR MULTIPLICATION SEMANTICS

semiring
real arithmetic @OV 5 t T A- ¢ ®o ¥ ! §
Semantics: strength of all paths it 14 AE
£ 1
_Iq £
¥ | 1
+
- _ § 1]1]1
> i ¢ £] ¥|+ § _| |
/ ] 516 ][] |5 0]
.0 T o 7 “
1S & A
® +



MATRIX-VECTOR MULTIPLICATION SEMANTICS

semiring
min-plus oNa° { B} | E| H A- ¢ ® o ¥ ! §
L i 1 1
Semantics: shortest path ¢ 1 1
£ 1
_I/\4¢ L
¥ | 1
+
= _ § 111
& ¢ £ ¥ |+ § _| |
/ ] 516l J[7] |9 5]
6 — -00 Tl E&
| E8



MATRIX-VECTOR MULTIPLICATION SEMANTICS

semiring
max-plus ON a° { H} | A Ho A- ¢ ® o ¥ ! §
Semantics: matching (independent edge set) it Sk 11 [1
/\4¢ £ 1
¥ - 1
+
1111
-y |e 4 _| |
.5_.6:| [7] i1 B
& /\4 I Ag A



MATRIX-VECTOR MULTIPLICATION SEMANTICS

semiring
min-times oM a9 { B} | E1 t Ho A- ¢ ®o ¥ ! §
Semantics: shortest product of connections it
£
_I/\4¢ e
¥ .
+
- _ §
& i ¢ £| ¥|+ § _|J—'
/ ] 516 ][] |2 ]
6 — =02 11 E& °
1| E&G A



MATRIX-VECTOR MULTIPLICATION SEMANTICS

semiring
max-min oN {mh B} | A¢l ET1l 1 A- ¢ ®ao ¥ ! 8§
Semantics: longest of all shortest connections it
£
_I/\4¢ L
¥ .
+
3 _ 8
& i ¢ £| ¥|+ § _|J—'
/ I | 516 ][] |2 ]
6 — o0t 1] E& o
Il E& A



ELEMENTWISE MULTIPLICATION:'A™ A

Ve oy )
<°>\/§ ¥ §7 ¥ Q § ¥
£ | £ | £ |

Aj ¢ £ o ¥! § Aj ¢ £ o ¥ 8§ AA ¢ £ o ¥! §
i i i

¢ : ¢

£ £ £

al T o o

¥ ¥ ¥

§ § §




ELEMENT-WISE ADDITION: A" A

Q... O

xS ¥ 0 §7 ¥

£ £ £

Aj ¢ £ o ¥! § Aj ¢C £ o ¥ § N A ¢ £ o ¥! §
| | -

¢ ¢ ¢

£ £ £

al T o o

¥ ¥ y

§ : §




TURNING A GRAPH INTO UNDIRECTEDA™ ‘A

o
=/ =7 &=
AjCEo¥) § “iAi¢£a¥;§ -‘A~-;Ai¢£a¥:§
] e




NOTATION~

A Symbols:
o ARANARE 7z matrices
o "ININT Az vectors
0 i z scalar
o "AC indices
o (E)R(i )z masks
A Operators:
0 S z addition
0 S z multiplication
0 Ztranspose

0 S z element -wise division

Vectors can act as both column and row vectors.

( Not ati on

O MmiI

operation notation
matrix -matrix multiplication AE) As & A
§ & vector -matrix multiplication “1{ ) 1§ & A
matrix -vector multiplication  “1{(i ) A & I
. element -wise multiplication ~ AE) 'AS A
(set intersection of patterns) "¢ ) "1§ 7
< element -wise addition ANE) As A
(set union of patterns) TG Y 18§ 7
. ANE) "aA
Q apply unary operator — —
(L) @)
5 E reduce to vector Ty [8 A
S -
reduce to scalar i |8 ACRY
A transpose matrix NE) A
tted for accumul at or



LINEAR ALGEBRAIC PRIMITIVES FOR GRAPHS #1

Element -wise addition: Element -wise multiplication:
union of non -zero elements Intersection of non -zero elements
S S
Sparse matrix times sparse vector: Sparse vector times sparse matrix:
process incoming edges process outgoing edges

S & LI L[ ]1s8




LINEAR ALGEBRAIC PRIMITIVES FOR GRAPHS #2

Sparse matrix times sparse matrix: Reduction:
process connecting outgoing edges aggregate values in each row
, 1] Ja] J1] N E
1z 1 s A L
; >
1 1)
Matrix transpose: Apply:
reverse edges apply unary operator on all values
1] [2] [3 ‘ 1] 4] ]9
Q
32 —> |[9]4
1 1




Graph algorithms in  GraphBLAS




ALGORITHMS

A Breadth -first search o CMU
o Levels A Local clustering coefficient
o Parents A Qtruss
0 Multi -source A CDLP (Community Detection
A Bellman -Ford using Label Propagation)
A PageRank
A Triangle count
o Nalve
o0 Masked

oCohenAs algorithm
0 Sandia



Graph algorithms in  GraphBLAS

Breadth -first search




BFS:BREADTHFIRSTSEARCH

A Algorithm:
o Start from a given vertex

0J E x p lalloneighbour vertices at the present level prior to
moving on to the vertices atthenext | evel [ WI ki pe:

A Variants:
o Levels compute traversal level for each vertex
o Parents compute parent for each vertex
o MSBFS start traversal from multiple source vertices



Graph algorithms in  GraphBLAS

Breadth -first search / Levels




BFSz LEVELS

A j £ ¥
semiring B
3 ¢
lor -land N {&4} ~ - & £
] AOA] :
[
|
a - 8
-~ ¢ £ o ¥ : § PR
L | XL T L
> L 1" 8A




BFSz LEVELS

Aj ¢ ® o ° |

semiring 0 : i
lor -land wN {&M) -7 & £
j ACAI -
A ¥

N | ,
I B _ 8

L |
< 2 7 A0 . 1 43




BFSz LEVELS

semiring
lor -land wN {&M) -7 &
| AOA/
| /_\4¢
¢ ® a

B

/_\+

| S

Ai ¢ £ o ¥ + §

SRt e B =
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BFSz LEVELS

Aji ¢ £ o ¥ ! §

semiring

lor -land wN {&M) -7 &

[ AOA T
j
Il 2
¥ [J740a; 1 17BN
- | ¢ £ 8 ¥ & 3 1 as empty
S 1{1]2(3]2]3|4]3]

w |+ WK o th & —

¢ £ o ¥ + § EE—

O terminate




BFSz LEVELS: ALGORITHM {}

A Input: adjacency matrix A, source vertex i, #vertices ¢
A Output: vector of visited vertices | (integer)
A Workspace: gqueue vector ‘| (Boolean)

1) 4

EITAOAHADE p *terminate earlier if | is empty
WY [ AOAT only change the values under the mask
Al RIAO set all elements of | to &

1 178 A use the lor-land semiring

L



Graph algorithms in  GraphBLAS

Breadth -first search / Parents




BFSZ PARENTS

A £ ¥ ! 8
semiring B
T — ¢
min-selectist v s { B} | ETOAT p & £
OARIBI) Q.
¥
[
|

2 - § b
T [1 | DeJ 1] T1 |

1¢1y "1l EQOAT A O

/ (JET d4o
i - £ ¥ 8
4 T4 (2] |4 |




BFSZ PARENTS

Aj ¢ ®n ° | 2

semiring |
min-selectlst OV s { B} | ETOAT p &D £
O AIGd) o -
¥
./\ :
l - _ 8
. . F ¥ : § alo Lo
[ 2] [4 | D84 2] 2]
— 5> o 11y 711 EDDATA O

— Qelddo
L i ¢ ®o ° | 2

®v\_/| T 3] |5] |7]




BFSZ PARENTS

semiring |
¢
min-selectlst OV s { B} | ETOAT p &D ®
OARIBI) a1,
| ¢ ® o ° : 2
i 3| |5
O




BFSZ PARENTS

Aj ¢ £ o ¥ ! §

semiring |
¢
min-selectlst OV s { B} | ETOAT p &D £
OAIQD) a1,
¥
+
i 8
iR 6 A

) |
= =

O terminate




BFSz PARENTS: ALGORITHM {}

A Input: adjacency matrix ‘A source vertex i, #vertices £
A Output: parent vertices vector 'l (integer)

A Workspace: vertex index vector 0 (integer), wavefront
vector ‘| (integer), unvisited vertices vector ‘| (Boolean)

1. 0 [pc 8 €]

2. 1) i

3. FlaOpOE p *terminate earlier if we reach a fixed point
4. 1 DAOQAOI

5. 1 11 EQOATAOO

6. ¢ DAOQADD



Graph algorithms in  GraphBLAS

Multi -source BFS




MULTI-SOURCE BF& LEVELS
i ¢ £ o ¥ ! §

semiring

A
lor-land @~ {&4} T T & ¢
®

_I/'\AQ: ?é

|

o RRIEERE!
— A-¢ ® ¥ ! §

| N8B AC=>/ ABAI




MULTI-SOURCE BFE PARENTS

semiring

Ai ¢ £ o ¥ 8
C
®
¥
|
|
S
|
|
1 1 —
3 ®
4 A1
Al EOAT AOO



BFS7z PERFORMANCE

A Naive BFSimpls are sometimes slow on real graphs with
skewed distributions 7 further optimizations are needed

A Direction -optimizing BFS was published in 2012.

o Switches between push ( "I'A) and pull (‘A 1) during execution:
AUse the push direction when the frontier is small
AUse the pull direction when the frontier becomes large

0 Adopted to GraphBLAS In 2018

| S. Beamer, K. Asanovic, D. Patterson: - |c Yang:High-performance linear algebra-based graph
Direction-Optimizing Breadth-First Search,SC 2012 framework on the GPU PhD thesis, UC Davis, 2019

| C. Yang, A.Bulug, J.D. Owens:Implementing
Push-Pull Efficiently in GraphBLASICPP 2018

A. Bulug: GraphBLAS Concepts algorithms, and
| applications, Scheduling Workshop, 2019



https://arxiv.org/pdf/1804.03327.pdf
https://arxiv.org/pdf/1804.03327.pdf
http://www.scottbeamer.net/pubs/beamer-sc2012.pdf
http://www.scottbeamer.net/pubs/beamer-sc2012.pdf
https://escholarship.org/uc/item/37j8j27d
https://escholarship.org/uc/item/37j8j27d
https://scheduling2019.sciencesconf.org/file/566318
https://scheduling2019.sciencesconf.org/file/566318

Graph algorithms in  GraphBLAS

Single-source shortest path




SSSP7 SINGLESOURCESHORTEST PATHS

A Problem:

o From a given start vertex i, find the shortest paths to every other
(reachable) vertex in the graph

A Bellman -Ford algorithm:
0 Relaxes all edges in each step
o Guaranteed to find the shortest path usingat most € p steps

A Observation:
0 The relaxation step can be captured using a VM multiplication



SSSP7 ALGEBRAICBELLMAN-FORD

semiring
min-plus oNa° { B} | E| H A £ o ¥ |
3 i 10]. .8
: ¢ 1
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' ¥ 0.
| 5 0
|
> § 1/5].9
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SSSP7 ALGEBRAICBELLMAN-FORD

semiring

min-plus oNa° { B} | E| H Aji ¢ £ o ¥ !
i
¢ 1
_ . £ 0
5 a|.2 40
' ¥ 0.
- : 5 0
|
> § 1/.5/.9
"H| 0 | [0]. 8
> ] H Ed A




SSSP7 ALGEBRAICBELLMAN-FORD

semiring
min-plus oNa° { B} | E| H Aji ¢ £ o ¥ ! §
i
¢
—_ - £ 0
a
¥ 0.
- . 2 7 g W | 5 0
&/ . (S 1/.5(.9 0
1 - £ ¥ | 8§
Ho[.3] |.8 | [0].312].8].4] |[1]
5 % 1 ——
®y_ > 4 H E4 A



SSSP7 ALGEBRAICBELLMAN-FORD

semiring
min-plus N a“ { B} | E| Ho A £ o ¥ ! §
3 i |0]. .8
~ ¢ 1 7
= - £ 0
2 8 7 1 @ 12| 4]0
¥ 0].
L e JERSENC
(o) | 2
! N [o[3izelal 1] | |
H O0|.31.2.8|.4 1110 1.1.81.4].5|1
R 5 S+ 1 E8 A
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SSSP7 ALGEBRAICBELLMAN-FORD

semiring
min-plus N a“ { B} | E| H A £ o ¥ ! §
3 i |O]. .8
1 - £ 0
2 8 7 1 212 410
¥ 0].
—d L g JREEREL
(y B 3 11.5].9] |0
4 1 all _*
H0|.31.1.8/.4|.5/1] |0 1(.8[.4|.5|1
A/.-5\A_|_ i l ll Za l
A~ H E3 A



SSSP; ALGEBRAIC BELLMANFORD ALGO.  {¥

Input: adjacency matrix ‘A source vertex i, #vertices ¢

m i
A 0(Q) i NDO
B RO

Output: distance vector "Hrreal)

1. "H [HH8 H

2. 'Hi) ™

3. £I'® pOEkE p *terminate earlier if we reach a fixed point
4, "H "H EF A

Optimizations for BFS (push/pull) also work here.



Graph algorithms in  GraphBLAS

PageRank







